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Abstract. The equation of state of dense matter determines the structure of neutron stars, their typical radii, and maximum masses.
Recent improvements in theoretical modeling of nuclear forces from the low-energy effective field theory of QCD has led to tighter
constraints on the equation of state of neutron-rich matter at and somewhat above the densities of atomic nuclei, while the equation
of state and composition of matter at high densities remains largely uncertain and open to a multitude of theoretical speculations.
In the present work we review the latest advances in microscopic modeling of the nuclear equation of state and demonstrate how to
consistently include also empirical nuclear data into a Bayesian posterior probability distribution for the model parameters. Derived
bulk neutron star properties such as radii, moments of inertia, and tidal deformabilities are computed, and we discuss as well the
limitations of our modeling.
Introduction
The fate of matter at ultra-high densities (ρ ' 1015 g/cm3) found in the compressed inner cores of neutron stars is one
of the fundamental science questions to be investigated through upcoming observational campaigns of neutron stars.
The crust and outer core of neutron stars are governed by properties of the strong nuclear force that are constrained by
nucleon-nucleon scattering and bound state data of atomic nuclei (binding energies, radii, and collective excitations).
However, as the density or proton-neutron asymmetry increases, uncertainties in nuclear two-body and especially
three-body forces become increasingly important, leading to the growth of theoretical errors in the equation of state.
Since the bulk properties of neutron stars, such as radii, moments of inertia, and tidal deformabilities, are strongly
correlated [1, 2, 3] with the pressure of beta-equilibrium nuclear matter at about twice the density of atomic nuclei, it is
expected that upcoming neutron star observations will place novel constraints on the properties of dense matter beyond
the reach of present nuclear theory modeling. What remains to be seen is whether these observational campaigns will
identify the imprints of exotic matter or phase transitions that may occur in neutron star inner cores at several times
normal nuclear densities.
Already the first observation of gravitational waves from the binary neutron star merger event GW170817 has
been shown to favor relatively soft equations of state, leading to upper bounds on the radii of neutron stars, tidal de-
formabilities, and moments of inertia [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. In addition, upper bounds on the maximum neutron
star mass have been inferred from combined analysis of the electromagnetic counterpart (kilonova) and numerical
simulations of neutron star mergers [12, 13, 14, 15, 16, 17]. The LIGO/VIRGO third observing run in 2019 is posi-
tioned to add multiple detections of neutron star mergers, enabling refined constraints on the nuclear equation of state
and bulk neutron star properties. Moreover, the NICER X-ray telescope will provide complementary constraints on the
mass-radius relationship of neutron stars, with estimated neutron star radius measurements at the 5% precision level.
A high priority in nuclear theory is the development of models capable of relating these astronomical observations to
properties of nuclei, nuclear matter, and the nuclear force.
ar
X
iv
:1
90
4.
11
44
9v
1 
 [n
uc
l-t
h]
  2
5 A
pr
 20
19
Equation of State Parametrization
The dense matter equation of state at and somewhat above normal nuclear densities can be inferred from the prop-
erties of heavy nuclei [18, 19], data from medium-energy heavy-ion collisions [20, 21, 22], microscopic calculations
based on high-precision two- and three-body forces [23, 24, 25, 26, 27, 28, 29, 30, 31], and neutron star observa-
tions [33, 34, 35]. For soft equations of state favored by GW170817, the central densities in neutron stars range from
about 3 − 7n0, where n0 = 0.16 fm−3 is the saturated central density in heavy nuclei. A central question is how well
the equation of state constrained by nuclear theory and experiment can be extrapolated to larger densities in neutron
stars. From explicit calculations [41] of the energy per particle of pure neutron matter E¯pnm(n) and symmetric nu-
clear matter E¯snm(n) (as well as their difference at a specific number density n, which defines the symmetry energy
Esym(n) = E¯pnm(n) − E¯snm(n)), it is found that a Taylor series expansion in powers of the Fermi momentum converges
well at nuclear saturation density when the expansion point is taken to be near n0/2. At the reference density n0/2,
nuclear experiments and theory give fairly tight constraints [36, 37] on the symmetry energy and therefore precise ex-
trapolations to nuclear saturation density. Below n0/2, logarithmic contributions [32] to the symmetry energy strongly
reduce the radius of convergence, thereby providing a lower bound on the extrapolation point [41]. A Taylor series
expansion of the symmetry energy around saturation density
Esym = J + L
(
n − n0
3n0
)
+
1
2
Ksym
(
n − n0
3n0
)2
+
1
6
Qsym
(
n − n0
3n0
)3
+ · · · (1)
is commonly employed in the literature, and efforts to constrain the empirical parameters J, L,Ksym, and Qsym (as well
as their correlations) may provide important insights into the properties of dense matter beyond nuclear saturation
density.
In recent years, chiral effective field theory [38] has developed into a powerful tool for analyzing low-energy
hadronic systems and in particular for deriving nuclear forces [39, 40]. Chiral effective field theory is expected to be
well converged for systems where the characteristic momentum scale is below the chiral symmetry breaking scale Λχ
' 1GeV. However, in practice chiral nuclear potentials contain a momentum-space regulating function with cutoff
parameter Λ ' 500 − 600MeV that is well below Λχ. This limits the application of chiral effective field theory
to densities not far above that of normal nuclei, since the Fermi momenta for symmetric nuclear matter and pure
neutron matter at that density have the values kF ' 260MeV and kF ' 330MeV, respectively. In the case of many-
body perturbation theory calculations of the equation of state, theoretical uncertainties can be estimated by varying
(i) the order in the chiral expansion, (ii) the value of the momentum-space cutoff Λ, and (iii) the order in many-body
perturbation theory. In previous calculations [29, 31], these variations led to only moderate uncertainties up to n = 2n0,
which is surprising since the estimated breakdown scale is well below 2n0. Additional variations, such as the choice of
observables used to fit the three-body contact terms as well as the form of the regulating function (local vs. nonlocal)
[42] should therefore be explored in future work.
In the present set of chiral effective field theory calculations of the nuclear equation of state, we vary the order
in the chiral expansion from next-to-next-to-leading order (N2LO) to N3LO, the cutoff Λ from 400 − 500MeV,
and the order in many-body perturbation theory from second to third order (also including second-order self-energy
corrections in the latter case). In previous works [2, 11, 43] we have parametrized the resulting equation of state
through a set of energy density functionals of the form
E(n, x) = 1
2m
τn +
1
2m
τp + [1 − (1 − 2x)2] fs(n) + (1 − 2x)2 fn(n) , (2)
where τp (τn) is the kinetic energy density of protons (neutrons), x = np/(nn + np) is the proton fraction, and fs
( fn) is the potential energy density for symmetric nuclear matter (neutron matter) expanded in powers of the Fermi
momentum:
fs(n) =
3∑
i=0
Ai n(2+i/3) , fn(n) =
3∑
i=0
Bi n(2+i/3) . (3)
For definiteness we write the above expressions as expansions about a reference Fermi momentum krF :
E
n
(kF , x = 0.5) = 22/3
3
5
k2F
2m
+
k3F
9pi2
3∑
i=0
ai
i!
βi (4)
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FIGURE 1. Prior and posterior probability distributions for the zero-temperature equation of state for pure neutron matter (PNM)
and symmetric nuclear matter (SNM) obtained from the Bayesian analysis in the present work. The dashed lines indicate the 1σ
and 2σ probability contours.
E
n
(kF , x = 0) =
3
5
k2F
2m
+
k3F
9pi2
3∑
i=0
bi
i!
βi , (5)
where β = (kF − krF)/krF . In both Eqs. (4) and (5) we define kF = (3pi2n)1/3. Fitting the equations of state from chiral
effective field theory up to n = 0.32 fm−3 to the form given in Eqs. (4) and (5) yields a joint probability distribution
for the ai and bi parameters. The resulting distributions for the equation of state are shown in the left columns of Fig.
1 and labeled “Prior”. Later we will lower the fitting range to n < 0.25 fm−3 to explore the associated uncertainties.
An advantage of microscopic modeling is that the underlying force is fitted only to the properties of two- and
three-nucleon systems. Therefore, the equation of state is essentially calculated independently of the properties of
medium-mass and heavy nuclei, which provide further experimental constraints on the equation of state around nuclear
matter saturation density and for nearly isospin-symmetric systems. To exploit this feature, we have developed [2, 11,
43] a Bayesian approach in which microscopic calculations of the nuclear matter ground state energy determine the
prior distribution functions for the model parameters in Eqs. (4) and (5). Information about heavy nuclei binding
energies, charge radii, and collective excitation modes are then built into Bayesian likelihood functions (see also Ref.
[44]). Modern nuclear energy density functionals, such as Skyrme and Relativistic Mean Field models, are fitted to this
wide range of nuclear data, and therefore we take as a proxy for experimental data a large set of 205 Skyrme energy
density functionals [18] from which we can extract Bayesian likelihood functions involving the ai parameters of Eq.
(4). Since the properties of finite nuclei do not strongly constrain terms in the density-dependent symmetry energy
beyond J in Eq. (1), we enforce correlations [41, 50] between J, L, Ksym, and Qsym to obtain Bayesian likelihood
functions involving the bi parameters in Eq. (5). We then construct posterior probability distributions according to
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FIGURE 2. Left: Probability distribution for the neutron star mass-radius relationship obtained from the Bayesian posterior prob-
ability distribution for the nuclear equation of state. Right: Probability distribution for the speed of sound in neutron star matter as
a function of the density. The red dots denote the central density and corresponding speed of sound for a 2M neutron star.
Bayes’ Theorem:
P(a|data) ∼ P(data|a)P(a), (6)
where P(a) is the prior distribution, P(data|a) is the likelihood function, and P(a|data) is the posterior distribution.
More specifically, the four parameters used to model the symmetric nuclear matter energy density are constrained by
the nuclear saturation energy B, saturation density n0, incompressibility K, and skewness Q defined at n = n0 and
x = 1/2:
B = −E(n0)
n0
, p = n20
∂(E/n)
∂n
∣∣∣∣∣
n=n0
= 0 , K = 9n20
∂2(E/n)
∂n2
∣∣∣∣∣∣
n=n0
, Q = 27n30
∂3(E/n)
∂n3
∣∣∣∣∣∣
n=n0
, (7)
where p is the pressure at saturation density. In the case of pure neutron matter, we employ experimental constraints
on the symmetry energy J = 31 ± 1.5MeV [19] together with correlations among J, L, Ksym, and Qsym [41].
In the right panels of Fig. 1, we show the resulting probability distributions for the pure neutron matter (PNM)
and symmetric nuclear matter (SNM) equations of state obtained from the posterior probability distributions for the
ai and bi parameters. For both the neutron matter and symmetric matter equations of state, the prior distributions
and likelihood functions are consistent, leading to reduced uncertainties in the posterior probability distributions. In
particular, the properties of finite nuclei strongly constrain the symmetric nuclear matter energy per particle around
saturation density n0, which propagates to reduced uncertainties also at higher densities.
To construct the neutron star equation of state for both the crust and core under the condition of beta equilibrium,
we interpolate between the pure neutron matter and symmetric nuclear matter equations of state using a quadratic
approximation:
E¯(n, x) = E¯snm(n) + S 2(n)(1 − 2x)2. (8)
Generically, the energy per particle of isospin-asymmetric nuclear matter cannot be expanded in a Maclaurin series
around symmetric nuclear matter (δnp = (nn − np)/(nn + np) = 1 − 2x = 0) due to the appearance of logarithmic
contributions [45, 46] that give rise to a modified expansion
E¯(n, x) = E¯snm(n) + S 2(n)(1 − 2x)2 +
∞∑
i=2
(S 2i + L2i ln |1 − 2x|)(1 − 2x)2i . (9)
Nevertheless, microscopic calculations have shown [46, 47, 48, 49] that the contributions beyond S 2 are small and
can be neglected. Constructing the inner crust equation of state is a phase coexistence problem in which a dense
heavy nucleus is embedded in a dilute gas of unbound neutrons. We use the Wigner-Seitz cell formalism and treat the
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FIGURE 3. Probability distribution for the radius of a 1.4M neutron star vs. the pressure at twice saturation density (n = 2n0)
obtained from the Bayesian posterior probability distribution for the nuclear equation of state. Left: Prior probability distribution
obtained by fitting chiral EFT equations of state up to n = 0.32 fm−3. Right: Prior probability distribution obtained by fitting chiral
EFT equations of state up to n = 0.25 fm−3.
heavy nucleus (or nuclear pasta) within the liquid-drop model. The configuration of the system is then determined by
minimizing the total energy with respect to the cell and heavy nucleus geometry. In particular, we construct a different
model of the neutron star crust for each sampled equation of state. For a given equation of state we start from the crust
when the total baryon number density is 10−12 fm−3. When the neutron chemical potential is greater than zero, we
then begin constructing the inner crust. When the energy density in the inner crust configuration is greater than that
of uniform nuclear matter (or if the inner crust code does not converge), we find the equation of state from uniform
nuclear matter. Additional details can be found in Ref. [51].
Results
In the left plot of Fig. 2 we show the resulting mass-radius relationship for 15,000 equations of state sampled from the
Bayesian posterior probability distribution that includes constraints from nuclear theory and experiment. Equations
of state that give rise to superluminal speeds of sound in the interior of neutron stars have been omitted. This applies
to all stable neutron star configurations up to the maximum mass allowed for a given equation of state. For a 1.4M
neutron star, the radius is found to lie in the range 10.27 km < R1.4 < 12.84 km at 95% credibility. Although the
resulting equations of state are relatively soft, in most cases (∼ 75%) they can support 2M neutron stars. As seen in
the left plot of Fig. 2, the probability to produce neutron stars heavier than 2.3M is very small. However, we note that
the pressure support at very high densities n > 3n0 is poorly constrained in our modeling and therefore the inferred
maximum masses in Fig. 2 should not be interpreted too strongly. In particular, by construction there are no powers of
the Fermi momentum beyond k6F in the energy per particle and there are no quark-hadron phase transitions, hyperons,
or other exotic states at high density. The present modeling therefore provides a baseline for comparison to scenarios
containing novel phases of matter.
The probability distribution for the speed of sound as a function of density in beta-equilibrium matter is shown
in the right panel of Fig. 2. We see that most of the equations of state produce superluminal speeds of sound at very
high density, however such densities are unphysical and lie beyond the threshold for collapse to a black hole in all
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FIGURE 4. Probability distribution for the tidal deformability Λ of a 1.4M neutron star vs. the pressure at twice saturation density
(n = 2n0) obtained from the Bayesian posterior probability distribution for the nuclear equation of state. Left: Prior probability
distribution obtained by fitting chiral EFT equations of state up to n = 0.32 fm−3. Right: Prior probability distribution obtained by
fitting chiral EFT equations of state up to n = 0.25 fm−3.
equations of state kept for statistical analysis. In the right plot of Fig. 2 the red dots denote the central density and
corresponding speed of sound for 2M neutron stars. This is merely a convenient choice of reference mass, and even
more massive stable neutron star configurations have subluminal speeds of sound at all densities. The upper and lower
dashed horizontal lines in the plot denote the speed of light (cs = c) and the conformal limit value for the speed of
sound (cs = c/
√
3). As noted in Ref. [52], it is very difficult for the equation of state to support 2M neutron stars
while observing a strict conformal bound cs(n) < c/
√
3 for all densities n.
In the left plot of Fig. 3 we show the probability distribution for the radius of a 1.4M neutron star as a function
of the pressure of beta-equilibrium matter at n = 2n0 when the equation of state from chiral effective field theory is
fitted up to n = 0.32 fm−3. In the right plot we show the same probability distribution but when the equation of state
from chiral effective field theory is fitted up to n = 0.25 fm−3. It is somewhat surprising that the choice of maximum
density does not strongly affect the final probability distributions. This is due to the smoothness of the chiral EFT
equations of state and the fact that we simply extrapolate them to higher densities beyond the maximum of the fitting
region. From Fig. 3 a small (∼ 10 km) or large (∼ 13 km) neutron star radius measurement at the 5% precision level,
such as that expected from NICER, could significantly constrain our modeling of the equation of state. Less restrictive
would be radius measurements in the range 10.5 km < R1.4 < 12.5 km. Due to the strong correlations between the
neutron star radius and the pressure seen in Fig. 3, precise radius measurements have the potential to strongly constrain
the dense matter equation of state in a regime where microscopic nuclear modeling is currently uncertain.
In the left plot of Fig. 4 we show the probability distribution for the tidal deformability of a 1.4M neutron star as
a function of the pressure of beta-equilibrium matter at n = 2n0 when the equation of state from chiral effective field
theory is fitted up to n = 0.32 fm−3. As in Fig. 3 above, the right plot shows the same probability distribution but when
the fitting range is taken up to n = 0.25 fm−3. Again we find only a small difference in the results between the two
fitting ranges. In both plots we see that the correlation at small pressures and small tidal deformabilities is somewhat
weak, but for values of Λ1.4 > 400 there is a very tight correlation with the pressure at twice saturation density. In this
region a 20% uncertainty in the tidal deformability translates into a roughly 20% uncertainty in the derived equation
of state. At the 95% credibility level, the tidal deformability lies in the range 100 < Λ1.4 < 500, which is already
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FIGURE 5. Probability distribution for the moment of inertia of a 1.338M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(n = 2n0) obtained from the Bayesian posterior probability distribution for the nuclear equation of state. Left: Prior probability
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consistent with 90% credibility bounds 70 < Λ1.4 < 580 from the re-analyzed [10] GW170817 event.
Finally, in the left plot of Fig. 5 we show the probability distribution for the moment of inertia I of a 1.338M
neutron star as a function of the pressure of beta-equilibrium matter at n = 2n0. The right plot shows the same cor-
relation but over the smaller fitting range n < 0.25 fm−3 for the chiral equations of state. The mass of 1.338M
corresponds to the more rapidly rotating neutron star in the binary pulsar system PSR J0737-3039. It has been sug-
gested [53, 54] that radio timing observations of this pulsar could lead to a precise measurement of periastron advance.
Relativistic spin-orbit coupling, which depends on the neutron star moment of inertia I, contributes a small amount
to the periastron advance, entering at second order in a post-Newtonian expansion of the orbital motion. Constraints
on the neutron star moment of inertia at the 10% precision level therefore may be possible from high precision radio
timing. In our theoretical modeling, we find that at the 95% credible level the moment of inertia lies in the range
1.03 × 1045 g cm2 < I1.338 < 1.51 × 1045 g cm2. From Fig. 5 we see that there is a very tight correlation between the
moment of inertia and the pressure of beta-equilibrium matter at 2n0, especially for larger values of I. An astrophys-
ical measurement of I1.338 could therefore provide a novel consistency check complementary to neutron star radius
measurements from NICER and tidal deformabilities from the LIGO/Virgo collaboration.
Conclusions
We have shown how Bayesian modeling of the dense matter equation of state incorporating constraints from nuclear
theory and experiment allows for a statistical analysis of neutron star radii, tidal deformabilities, and moments of
inertia. All three of these quantities are under investigation with present observational campaigns of neutron stars.
We have demonstrated strong correlations among these bulk neutron star properties and the pressure of neutron-rich
matter at twice saturation density. The developed statistical framework will therefore enable constraints on the nuclear
matter equation of state in a novel density regime from future observations of neutron stars.
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